Abstract: Ca 2+ waves propagate through the oocyte during fertilization, activate the oocyte and induce embryonic development. Ca 2+ -induced Ca 2+ -release (CICR) is a mechanism of Ca 2+ wave formation. We previously quantified the Ca 2+ waves in the nematode Caenorhabditis elegans by using high-speed imaging and image analysis. We found that the waves consist of a rapid local rise at the point of sperm entry and a slow global wave. We demonstrated that the Nagumo model, which models the CICR by a reaction-diffusion equation, can produce a similar biphasic waveform. However, the model cannot represent the observed gradual decrease in maximum Ca 2+ concentration with increasing distance from the point of sperm entry. In this study, we introduced a linear monotonically decreasing function into the reaction part of the Nagumo model. We demonstrated that our new model can produce the gradual decrease in maximum Ca 2+ concentration with increasing distance from the point of sperm entry and a biphasic waveform simultaneously.
Introduction
Ca 2+ waves (increase in calcium ion concentration) propagate through the oocyte during fertilization [1] . They trigger several processes such as resumption of meiosis, release of surface granules, and formation of the pronucleus, which are collectively called oocyte activation, and initiate embryonic development [2] . Ca 2+ waves are found in almost all animal species and are caused by Ca 2+ channels called inositol 1, 4, 5-trisphosphate receptors on the endoplasmic reticulum, which functions as an intracellular Ca 2+ store [2] , [3] . Ca 2+ -induced Ca 2+ -release (CICR) is a mechanism of Ca 2+ wave formation [4] . In CICR, a local increase in Ca 2+ concentration induces a release of Ca 2+ from the endoplasmic reticulum, resulting in recurrent releases, which form waves. The spatiotemporal patterns of Ca 2+ waves differ among animal species and seem to be related to oocyte activation [2] . However, the mechanisms of wave pattern generation are poorly understood. We quantified Ca 2+ waves during fertilization in the nematode
Caenorhabditis elegans, one of the simplest model animals, by using high-speed imaging and image analysis [5] . These animals are easy to observe because their body is transparent, and are easy to manipulate experimentally. We showed that Ca 2+ waves have two phases: a rapid local rise and a slow global wave. The Ca 2+ concentration decreases to the basal level after reaching its peak. The fertilized oocyte shows a single Ca 2+ response [5] . We also performed a simulation using the Nagumo model that assumed CICR and a high initial Ca 2+ concentration (local rise) in a restricted region. The model produced a biphasic waveform similar to the observed one [5] , [6] , but could not represent the observed gradual decrease in maximum Ca 2+ concentration with increasing distance from the point of sperm entry. In this study, we propose an improved model that satisfies both conditions of formation of a biphasic wave and the decrease in maximum concentration depending on the position in the oocyte.
Methods

Calculation and Parameter Settings
The explicit Euler method was used for the reaction term, and the implicit method was used for the diffusion term to solve reaction-diffusion equations. We used the Neumann boundary condition, which assumes that there is no flow in or out of the oocyte. The oocyte was assumed to be a one-dimensional bar 57 μm in length. The diffusion coefficient was set to 20 μm 2 /s [7] .
The initial concentration f 0 was given by Eq. (1), where x is the distance from the point of sperm entry. The spatial step size was 0.21 μm and the time step size was 0.001 s.
Quantification
Ca 2+ concentration in a region of interest (ROI) of the oocyte was calculated by image analysis as described previously [5] ( Fig. 1 (A) ). The original image data for Figure 2 in our previous study [5] was used for the calculation of the first oocyte.
c 2018 Information Processing Society of Japan We set eight ROIs (30 × 30 pixels each) along the long axis of the oocyte and numbered them from the point of sperm entry ( Fig. 1 (B) ). We quantified the Ca 2+ fluorescence change relative to that at time zero, ΔF/F 0 , for each ROI at each time frame, where ΔF = F − F 0 , F is the average fluorescence intensities of all pixels within the ROI, and F 0 is the average fluorescence intensity in each ROI during the initial ten time frames before fertilization (−4.5 s to 0 s). Then we calibrated this fluorescence change to the concentration by Eq. (2) used in the previous study [5] (Fig. 1 (C [
The original image data for Fig. S2 in our previous study [5] was used for the calculation of the second oocyte. [Ca 2+ ] exp and [Ca 2+ ] sim were calculated as were done for the first oocyte.
Evaluation (1) Total Absolute Error
Total absolute error E is defined as the sum of the absolute values of the differences between simulated and experimental values in each ROI at each time step. We defined r as the index of the ROIs. Then, E is expressed by Eq. (4) using [Ca 2+ ] sim (r, t) and
(2) Biphasicity To evaluate the presence or absence of a biphasic waveform, we used the results for ROI1, in which it appears most clearly. We counted inflection points in the time course of the Ca 2+ concentration. Two sign changes are observed in the second-order differential values if the biphasic waveform appears, whereas no sign change is observed if it does not appear ( Fig. 2) . We judged that the biphasic waveform appears in ROI1 if the number of inflection points was two.
c 2018 Information Processing Society of Japan (3) Convergence to c max Simulated values converge to 0 or c max because of the characteristics of the reaction term in our model. We assumed that the simulated values in all ROIs converged when the difference of simulated values of ROI8 between consecutive time steps was less than 0.1 nM continuously for 10 s after 50 s of simlation. We defined the simulated value of ROI8 at the 10 s as the converged concentration. We executed the simulation until ROI8 converged. The converged concentrations obtained in this way were either about 100 nM or about 160 nM. We assumed that the simulated value converged to c max when the converged concentrations were more than 130 nM. (4) Wave Speed
We calculated t 50% , the time when the simulated value exceeded 50% from the initial concentration to the converged concentration, for ROI 2∼7. We excluded ROI1 because it showed biphasicity. Then, we calculated Δx and Δt 50% , the distance and the difference of t 50% between each adjacent ROIs, respectively. The wave speed of simulations was calculated by averaging Δx/Δt 50% for all adjacent ROIs. 
Results
Proposed Model
In this study, we propose a modified Nagumo model, a reaction-diffusion model that we used previously [5] , [6] . In general, a reaction-diffusion equation for the concentration variable c in one-dimensional space is the following Eq. (5), where D is the diffusion coefficient, t is the time variable, and x is the space variable.
The Nagumo model adopts a cubic polynomial function of c for its reaction term, as expressed in Eq. (6) . The Nagumo model is also known as a bistable equation because its reaction term has two stable points at c = 0 and 1 [6] .
The parameters in the reaction term, α and A, can be regarded as the threshold at which the endoplasmic reticulum releases Ca
2+
and as a coefficient regarding the speed of this release, respectively. The maximum [Ca 2+ ] exp values decreased with increasing distance from the point of sperm entry ( Fig. 1 (C) ), whereas the maximum [Ca 2+ ] sim values were constant irrespective of the distance (Fig. 3) . The constancy could be due to the reaction term of the Nagumo model, in which convergence values are independent of the space variable x.
To solve the qualitative inconsistency between the experimental and simulated results, we modified the Nagumo model by introducing c max , a linear monotonically decreasing function of x instead of the constant 1. With c max , the convergence values are expected to decrease with increasing distance from the point of sperm entry. The c max function was obtained by applying the least squares method to the maximum Ca 2+ concentration in each ROI, which is calculated from the experimental data (Fig. 4) , resulting in Eq. (8). The maximum concentrations were then calibrated to c (0-1).
c max = −0.00990x + 0.882 (8)
Parameter Search
To examine whether our model can produce a biphasic waveform and the distance-dependent decrease in convergence values, we searched the threshold α (0 < α < 1) and amplitude A (A > 0). The concentration c was calculated by exhaustively combining the parameters within the following range: 0.025 < α < 1 and 2.5 < A < 40 (Δα = 0.025, ΔA = 2.5). From the distribution of the total absolute error (Fig. 5) , we found that it was smallest in the range 0.005 < α < 0.1 and 1 < A < 5. Thus, the range of parameter search for α and A was set as 0.005 < α < 0.1 for α (Δα = 0.005) and 0.25 < A < 5 (ΔA = 0.25). Parameter spaces for the presence of the biphasic waveform and for the convergence to c max are shown in Fig. 6 (A) and (B) , respectively. We found a range that satisfied both conditions (Fig. 6 (C) ). These results showed that our proposed model has a parameter range in which it can produce the biphasic waveform and the distance-dependent decrease in convergence values.
Next, we searched for parameters that minimize total absolute error within the range (Fig. 6 (D) ). The total absolute error was lowest at α = 0.010, A = 1.75 (Fig. 6 (D) ). Results of simulation with this parameter set was shown in Fig. 6 (E) . The wave speed with this parameter was about 4.8 μm/s. In experiment, the wave speed was estimated to be about 1.0 μm/s [5] . The wave speed in simulations is the same as that in experiments in the order of magnitude. By searching α and A, our model can produce a waveform qualitatively similar to the observed waveform in that the maximum concentration values decrease with increasing distance from the point of sperm entry, whereas the maximum values are constant in the previous model. We also confirmed that our new model can produce the biphasic waveform simultaneously with the decrease of the maximum concentration.
To examine whether the best parameter set for one oocyte is consistent among other oocytes, we simulated Ca 2+ waves in another wild-type oocyte. Three ROIs (15 × 15 pixels each) were set along the long axis of the oocyte (Fig. 7 (A) ) and [Ca 2+ ] exp was calculated for each ROI (Fig. 7 (B) ). The spatial step size was set to 0.42 μm. We simulated Ca 2+ waves in the second oocyte by using Eqs. (7) and (8) with the best parameter set for the first oocyte (Fig. 8) . The result showed a biphasic waveform as well as the decrease in the maximum concentration with increasing distance from the point of sperm entry. However, the converged concentrations were markedly different from those in the experimental data. The converged concentrations in simulation depend on the c max function and the scaling equation. To reduce the differences in the converged concentrations between the simulation and the experiment, we generated a new c max function and a new scaling equation optimized for the second oocyte, as expressed in Eqs. (9) and (10), respectively.
[Ca 2+ ] sim = 80c + 100
To examine whether the model using the new c max function and the new scaling equation can produce a waveform similar to that in the second oocyte, we searched the threshold α (0.005 < α < 0.1) and amplitude A (0.25 < A < 5). The results of simulation at the parameter combination (α = 0.035, A = 1.25), which c 2018 Information Processing Society of Japan minimized total absolute error, are shown in Fig. 9 (A) . The results with the best parameter combination for the first oocyte (α = 0.010, A = 1.75) are also shown ( Fig. 9 (B) ). These waveforms are similar to that in the second oocyte in the converged concentration and the wave speed.
Discussion
In this paper, we introduced a linear monotonically decreasing function into the reaction part of the Nagumo model. In the modified model, the convergence values depend on the position in the oocyte. Our model qualitatively reproduced the observed decrease in the maximum Ca 2+ concentration with increasing distance from the point of sperm entry. In our model, we used the linear function c max instead of the constant 1 in the Nagumo model. The proposed model assumes that c max , which can be regarded as the upper limit of the Ca 2+ concentration at which there is no net flux through Ca 2+ channels, depends on the distance from the point of sperm entry, whereas the Nagumo model assumes that the limit is the same in different regions of the oocyte. These results might be explained by a non-uniform distribution of Ca 2+ stores along the long axis of the fertilized oocyte. In fact, the endoplasmic reticulum is not uniformly distributed in the oocyte [8] .
Alternatively, a diffusible factor(s) introduced by the sperm may be non-uniformly distributed and thus non-uniformly affect the upper limit Ca 2+ concentration of the Ca 2+ channel in the oocyte.
In fertilized oocytes of the polyspermic newt, Ca 2+ waves starting from the sperm entry point do not reach the opposite pole of the oocyte [9] . This phenomenon might be explained by the distribution of a sperm factor only in a small part of the oocyte. We observed that the maximum Ca 2+ concentration decreased with increasing distance from the point of sperm entry in a mutant oocyte where the sperm entered from the lateral side of the oocyte [5] .
The non-uniformity of sperm factor distribution possibly causes the non-uniform activity of Ca 2+ channels. A stable linear gradient of sperm factor can be generated by the source-sink mechanism [10] . Alternatively, a transient gradient might be generated by simple diffusion of the sperm factor. Further experiments are needed to clarify the mechanism. A mammalian sperm factor is the sperm-specific phospholipase C (PLC) ζ [11] , which does not have an apparent ortholog in C. elegans. Adjustment of the α and A parameters resulted in a biphasic waveform. Thus, our model can reproduce a clear biphasic waveform and the changes in the convergence values depending on the position in the oocyte.
The c max function and scaling equation optimized for the first oocyte did not produce similar waveform to that in the second oocyte, whereas those optimized for the second oocyte produced similar one even when with the best parameter set for the first oocyte. The results suggest that the basic property of Ca 2+ channels, relating to parameters α and A, does not differ among oocytes. It is likely that the difference in the waveform among oocytes largely comes from the difference in the spatial distribution of the activity of Ca 2+ channels.
We must note the remaining inconsistencies between our new model and experimental results; for example, Ca 2+ concentration calculated in our model was constant after it converged, whereas it actually gradually decreases after reaching maximum. Our model cannot reproduce this decrease because c increases until it reaches the c max . To overcome this limitation, we may need to further modify the reaction term. We evaluated the waveform and the convergence values of the simulation results calculated in one dimension. Although such calculations are sufficient for qualitative evaluation of waveform propagation along the long axis of the oocyte, they are insufficient to simulate more complex situations. Three-dimensional calculations may be necessary for a more rigorous simulation. Thus, we need to further improve the model in order to resolve the differences between simulated and experimental results. 
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